In the paper a method is found for estimating approximate optimum points on efficient portfolios curve (risk-profit) that are connected with exponential utility functions being very frequently preferred in practice by investors.
Introduction
The selection of points optimal for investors on the curve of efficient portfolios is of close connection with utility functions preferred by them. The practice shows that they frequently adopt as their own the utility functions in the following form 1 :
where:
1 1 ,b a -parameters of utility function, σ -standard deviation of return rate, R -expected return rate.
The set of minimum risk within the co-ordinate system of standard deviation and return rate takes on a form of hyperbola of the following equation 
where: 
This equation presents a set of efficient portfolios.
Let us see how to find common points of utility curves of the form (1) and of efficient portfolios curve (3) which is the upper part of hyperbola within the co-ordinate system of standard deviation and return rate 3 .
With this end in view, let us assume that we examine the utility curve corresponding with utility U = k. The following equation should be solved:
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When k = 0, the equation (5) 
As it can be already seen from the beginning, the equation (4) 
Estimation of approximate values of the optimum points
When attempting to find at rough estimate the contact point between efficient portfolios curve and the curve corresponding with a given utility value, we can equate function derivatives. The equation (5) 
is an exponential function, while the ) (
one is a quadratic function, the plot of which is a parabola with arms directed upwards ( beacuse
When calculating derivatives of functions 1 f and 1 g with k = 0, we obtain:
When comparing the derivatives after small transformations, we obtain the following equation:
When finding the value of standard deviation, at which the derivatives are equal, we will at the same time come across at the slopes of tangent lines (see Figure 1 ).
Profit Risk [ 0, k ] Curve corresponding with utility value U = k effective portfolios curve In order to apply the Bolzano-Cauchy theorem, let us adopt the following notation: 
The function h(σ) is continuous. As it can be easily noticed, the equation (9) can not be solved accurately either. One may also find the approximate value of contact point coordinates differently, using the Taylor series expression expansion 5 . Therefore, we obtain: (corresponds with U = 0).
Empirical example
Let us examine now an exemplary set of efficient portfolios consisting of the stocks of BRE, Elektrim and Universal companies (quoted on the Warsaw Stock Exchange, Poland).
Basing on the two-year weekly data from January 1994 to January 1996, an efficient portfolios curve has been obtained (see Figure 2 ). Source: own research.
When using the Bolzano-Cauchy theorem for the function h(σ) = ƒ(σ) -g(σ) and allowing for Figure 3 , we obtain:
It can be seen from the above that standard deviation of the contact point of efficient portfolios curve and the examined utility curve is situated within the interval < 0.14, 0.15 >, because the function h(σ) changes its sign. When keeping on approximating, we obtain: Taylor's series with the components, the indices exponents of which are larger than or equal to 5, does not give an opportunity to obtain an accurate solution in each case, which results from the fact that there are no general formulas for calculating the roots of equations larger than or equal to 5.
Conclusions
Summing up, the method of searching for approximate optimum points on the riskprofit curve from the point of view of exponential utility functions preferred by investor presented above allows for finding approximate values of these points. In the investment practice, however, the presented approximation is fully sufficient.
Notes
1 See Tarczyński (1997).
2 See Haugen (1993) . 3 See Ibidem. 4 See Fichtenholz (1969) . 5 See Chiang (1984) , Fichtenholz (1969) .
